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where h -2nh is a positive scalar. It is known [8] that A(V, Q) is central simple and lacks zero-divisors. Further, A(V, Q) carries a canonical involution given by
4>eA(y,Q), ve ^PiJ
and a canonical trace given by evaluation at zero:
It is convenient to denote by d v the element of A(V, Q) taking value 1 at v e V and 0 elsewhere. Note that in particular, <5 0 = l is the multiplicative identity of A(V,Q) and each S v is invertible; indeed, each 6 V is unitary. Moreover, it is known [8] that the invertibles in A(V, Q) are precisely the elements having singleton support: those of the form A6 U for OT^A e C and v e V.
We remark that {«5,,: v e V} is a basis for A(V, Q) and that
=I, \<t>(v)\ 2 -veV

It follows that the prescription defines a Hermitian form on A(V, Q). The Hilbert space completion of A(V, Q)
in the induced norm ||-|| T will be denoted H r ; it has {6 v :v e V] as a complete orthonormal set. Any nonzero representation of the simple algebra A(V, Q) is of course automatically faithful. All such Hilbert space representations of A(V, Q) as an involutive algebra induce the same pre C* norm on A(V, Q): if a eA(V, Q) then the operator norm ||jr(a)|| is independent of n:A{V, Q)-^B(H) and will be denoted ||a||. The completion of A(V, Q) in the norm ||-|| is called the minimal C* Weyl algebra of (V, Q) and will be denoted Sl(V, Q). Minimality of 2l(V,Q) may be expressed in terms of the following universal property: by extension, any nonzero star-homomorphism n from A(V,Q) to a C* algebra 93 induces an isomorphism from 2l(V, Q) to the norm closure of the image of K in 93. We remark that 5l(V, Q) is a central simple C* algebra with a unique central state; this faithful state agrees with x on A(V,Q) and will be denoted by the same symbol. See [6] for details on these matters.
A specific (left regular) representation is determined by allowing A(V, Q) to act on itself by left multiplication. This extends to define the trace representation whose state corresponding to the cyclic vector 6 0 e A(V, Q) a H T is precisely r. Of course, n x is essentially the GNS representation of 2I(V, Q) constructed from the state x. Note that As a consequence, the identity map on A(V, Q) extends to a contractive linear map
T:%(V,Q)-*U T ;
of course, this is the map given by THE MINIMAL C* WEYL ALGEBRA 265 Our analysis will be facilitated by the decomposition of elements from 2l(V, Q). Rather than develop decompositions in 2l(V\ Q) itself, we prefer to make use of the Fourier decomposition in the Hilbert space H T relative to its complete orthonormal system {6 V : v e V}; the details are as follows. In turn, d g extends to an automorphism 0 g of the minimal C* Weyl algebra 2l(K,Q). Traditionally, the term Bogoliubov automorphism is applied to an automorphism of 2l(K, Q) having the form Q g for some g in the real symplectic group Sp(V, Q); we shall be more liberal, referring to © g as a Bogoliubov automorphism whenever g lies in the additive symplectic group Sp+(V, Q).
Our main result concerns necessary and sufficient conditions on geSp+(V,Q) in order that the Bogoliubov automorphism @ g of 9l(V, Q) be inner. These conditions turn out to be rather stringent. Of course, the result for the minimal C* Weyl algebra is a direct corollary of this result for the tracial W* Weyl algebra; however, we wished to offer a separate proof. In the interests of variety, we give an independent proof of the weaker analogous result for the plain Weyl algebra A(V, Q). As with the minimal C* Weyl algebra, this commutation property forces g = / if g e Sp+(V, Q) and 6 g is inner.
Thus, among the Bogoliubov automorphisms of the Weyl algebras ?l(K, Q) and s£ T (V, Q) naturally associated to the real symplectic vector space (V,Q), only the identity is inner. These results provoke mixed reactions. On the one hand, they are satisfying in their decisive nature. On the other hand, they demonstrate that ?l(V, Q) and d t {V, Q) are really rather small. Contrary to what might be expected by analogy with the case for Clifford algebras, these Weyl algebras do not contain metaplectic groups as groups of units.
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As an application of our result on inner Bogoliubov automorphisms of the minimal C* Weyl algebra, we simplify and extend a result of Plymen [7] on automorphic group representations. Thus, let p.K-*Sp(V,Q) be a faithful symplectic representation of a group K on the real symplectic vector space (V, Q). The composite &°p is then a faithful representation of K by Bogoliubov automorphisms of the minimal C* Weyl algebra 2l(K,Q); our main theorem automatically ensures that if k e K then Q°p(k) is inner if and only if k is the identity. We record this as follows.
THEOREM. Each faithful symplectic representation p of a group K on (V, Q) induces a faithful outer automorphic representation ®°p of K on the minimal C* Weyl algebra
To be specific, we might let K be a locally compact Hausdorff group and let p be its unitary (left) regular representation, with Q the imaginary part of the Hilbert space inner product onV = L 2 (K). In fact, K might be any group at all if we equip it with the discrete topology and counting measure, letting V be the space of all finitely-supported maps K-*C, letting Q be the imaginary part of the Hermitian inner product given by (/I l/2) = 11/1(0/2(0 f°r /1J2EV, and letting p be the representation given by
for/ e V and k,l e K; here, V can be completed if desired.
Our theorem both extends and simplifies Proposition 2 of [7] : on the one hand, the real symplectic vector space can be arbitrary and we lift the hypothesis that the group be separable; on the other hand, we do not need to take a countably infinite direct sum of copies of the regular representation. In reference to this last point, such a summation was called for in [7] because the inner Bogoliubov automorphisms of the minimal C* Weyl algebra itself were not then known precisely: use was made instead of the characterization of inner Bogoliubov automorphisms of the (larger) tame C* Weyl algebra.
Having reached this stage, it is appropriate that we discuss the tame C* Weyl algebra and place it in context. Our account will be primarily descriptive; for details, we refer to the original papers of Segal [11] and Shale [13] .
We shall say that the (nonzero) Hilbert space representation n :A(V, Q)-» fl(IH) is tame (or regular) if and only if, for each v eV, the one-parameter unitary group />-» 71(6^) is (weakly or strongly) continuous; note that these one-parameter groups then have (Stone) infinitesimal generators satisfying the Heisenberg commutation relations. In these terms, the celebrated uniqueness theorem due to Stone and von Neumann asserts that if V is finite-dimensional then A(V, Q) admits precisely one irreducible tame representation, of which any tame representation is a multiple (up to unitary equivalence, of course).
Denote Naturally, this fact can be reformulated as a universal mapping property. As noted above, we refer to Segal [11] for details on the tame C* Weyl algebra s&{V, Q) and its significance as a universal C* algebra of field observables over (V, Q).
Incidentally, if (V, Q) is arbitrary then the existence problem for tame representations of A(V, Q) is substantial: see Chapter IV of Segal [12] . If (V, Q) admits a unitary structure-that is, a Hermitian inner product (complete or not) of which Q is the imaginary part-then the corresponding Fock representation of A(V, Q) is certainly tame. The question of whether or not (V, Q) admits unitary structures is itself not fatuous. In general, unitary structures can definitely fail to exist: see [10] . However, in applications it is often justifiable to assume the existence of a complete unitary structure: see [1] , [3] , [12] .
As a matter of fact, Shale [13] characterized the inner Bogoliubov automorphisms of the tame C* Weyl algebra d{V, Q) in the case that (V, Q) is provided with a complete unitary structure: if g e Sp(V, Q), then @ g is inner if and only if g is tame in restricting to the identity on M x for some M e &(V, Q). We remark that the inner nature of ® g € Aut(V, Q) for tame g e Sp(V, Q) is essentially a consequence of the Stone and von Neumann theorem together with the circumstance that si^M, Q) is constructed as a von Neumann algebra for each M e &{V, Q); we remark further that the elements of s£(V, Q) implementing 9 g are determined up to scalar multiples and may be assumed unitary. 
